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Examples of discrete random variables

Functions of discrete random variables

Expectation

Variance



e Geometric

We say that X has the Geometric distribution (X is a Geometric
r.v.) with parameter p € (0, 1) if X takes value {1,2,...} and

P(X =k)=pg<™! fork=1,2,...

Observe that for x € R
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Hence we have also that the sum of the geometric probabilities is 1
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Exercise 1.17 Let p1, p2, ... py non negative numbers such that
Z,N:l pi = 1. Consider Q = {w1,...,wn} and let F be the power set of

Q
Q(A): Z pi
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Example 2.18, A coin is tossed n times. || = 2", sngle outcomes are

TTHT ---TTH
—_——

n coins

o Let h(w) be the number of heads and t(w) be the number of tails,
t(w) = n — h(w). Consider p € (0,1) and g =1 — p. Let F be the
power set

e Take

and



Note that
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Then P is a probability (by ex.1.17)
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Hence, each X; takes the values 0 and 1 and P(X; = 0) = g and
P(Xi =1) = p, that is

Xi ~ Bernoulli(p) i=1,...n
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Example 2.21 Geometric distribution
Consider the following experiment: we toss a coin until the first head
turns up and then we stop

Q={H,TH, TTH, TTTH,-- -}U{TTTT~ -}
Let w = TXH be the outcome with k heads and assume that
pw)=¢“p pe(0,1) g=1-p

For the outcome w = T without heads we take

1 =0
p(w):{ 0 g>0

Note that if p >0

Zp(w)zip(ﬂ H) + p(T*) qu +O—P7

weN k=0

If p=0wehavealso }  op(w)=04+0+0+---+1=1



Consider the application

Y:Q—R
where
Y(w)=Y(TFkH) =k +1
Then
Y e{l,2,...}
and

P(Y=kK)=P(T""'H)=q¢"p k=1,2,...

Hence Y has geometric distribution with parameter p

Exercise 2.24. Show that if Y is Geometric p, P(Y > k) = (1 — p)¥



Functions of discrete random variables

Let X be a discrete random variable on (Q, F,P) and let g : R — R.
Then Y = g(X) defined as

Y(w) = g(X(w))
is a random variable on (2, F, P)
Some examples
o if g(x) =ax+ b then g(X)=aX+b
o if g(x) = cx? then g(X) = cX?
o if g(x) = exp(x) then g(X) = exp(X)
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o If Y = aX + b then
P(Y =y)=P(aX +b=y)=P(X = (y - b)/a)
e If Y =X2fory >0
P(Y =y)=P(X* =y) = P(X = —\/y) + P(X = \/)
Moreover for y = 0
P(Y =0)=P(X*>=0)=P(X =0)

and for y <0



Expectation

Definition. If X is a discrete r.v. the expectation (expected value,
mean) of X is denoted with E(X) and defined by

EX)= ) xP(X=x)

x€lm(X)

whenever this sum converges absolutely in that >~ |xP(X = x)| < oo



Expecation for some important discrete random variables X

Bernoulli(p), E(X)=p

Binomial(n,p,) E(X) =np

Poisson(\), E(X) =

Geometric(p), E(X)=1/p

Discrete uniform on {0,...n}, E(X) = n/2



X ~Bernoulli(p)

E(X)=) xP(X=x)=0-(1-p)+1-p=p

X ~ Poisson(A)

& —)x)\x

E(X) = Exij(x:x):;xeX!
0 e M\X e e—)\)\(x—l)

- ZX x! _)\Z (x —1)!




THEOREHU @ T 4 Y i a olinevie T vamolomn vane o Cmol

05.' R->r ‘(-\AIM E(%(X)): Z 20X P(')(:x) e e ve v~

X€ Tau (%)
+lin Dua COM\U\/(j«Q)) a(o);o!u’rdgl,

(IM ot \/%(X)V Jedee s Hlo velue q (x| whan X ok
o vedut X omel flin ewtack ben probeli oy PUXox)

Foch vedoe g (%) [;KI
D
< vecoiw s The HWLI'S[A, P[)(:K')



?Voojr
Lo
T
1o
AAAQSQ
e
Thae v
“§2 od
Y
'A
3 (T
T

9(&(’

EC
v) =
fs P(
Y=
s)
= 2
{’,‘3.
>
P(X=
<

= S ‘36
: _
) x-L
36!1: l9/ 6
. -P()(:x)éga)
:3635—; ;3“)55
I) ’Cﬂ( % ;
o () ;
% ?(X&g_(
. h
)

= 2
%
<y P (
X =
o

Xe T



THSoRSHM

Ly X be o olirer ke vadoan vaweal?, . p P(X%0):-4
(X 4AoXen mon M3%¥;VJ \/o,Qwu\) wad B(X)co | than
P(X=0)= 4

Yoo ®

TM%chr o= KZKP[)(:K)_—o.P()(_—o>¢;iw><.P()(:>()
Heweo T x¥-x)=0 whick (4 pe bl o

{ Ff)(==<x)7c;c> l//><?0 - Thava fore P(X=0) = 1 N



Exaveane

g"P(’OCQ J,.)ch )< in o clincrs To vamolom vavie bl wilth
M 2o, PE(X\ . Connilolev \/=Ct>(+ L. Fimel E(Y/

7/:9()( I'w,«o/( 6:4%4—5
E(\/}: 2_%(\() P/X: x]- Z,(cu(+5 P()(x) =

=2 ax P(x <)+ Z 6 P(x-x]=a. LK\D(XX) L3 P -
X x X
e E(x]2L = ap«b



Variance

Definition The variance var(X) of a discrete random variable X is
defined by
var(X) = E(IX — E(X)]?)

Consider g(x) = (x — u)? where = E(X) and remember that

E(g(X)= Y &(x)P(X=x)

x€lm(X)

Then
var(X) = Y (x— p)*P(X =x)

xe€lm(X)



Note that var(X) = E(X?) — E(X)?

var(X) = ) (x —p)’P(X = x)

= > (¢ =2+ p?)P(X =x)

= ZX2P(X:x)—2,uZXP(X:x)—&—MQZP(X:x)

= E(X?) =2up+p? = E(X?) — i = E(X?) = E(X)?
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Variance for some important discrete random variables X
e Bernoulli(p), var(X) = pq
e Binomial(n,p,) var(X) = npgq
e Poisson()), var(X) = A
e Geometric(p), var(X) = q/p?
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