Stochastic Processes

Andrea Tancredi

Sapienza University of Rome

Week 7



Functions of randiom variables

Expectations of continuous random variables

Random vectors and independence

Joint density function

Marginal density functions and independence



Functions of continuous random variables

Let X be a random variable on (2, F.P) and suppose that g : R — R
Let Y = g(X) be the mapping from Q2 — R defined by

If g is sufficiently well behaved (such a continuous or a monotone
function), then Y is a random variable

e If we know the distribution (or the density) of X it is possible to
know the distribution (or the density) of Y7

e In the discrete case we have seen that

P(Y=y)= > PX=x)= > PX=x)

x:g(x)=y xeg=(y)

e and in the continuous case?



Example If X is continuous random variable with density function fx(x)
and g(x) = ax + b when a > 0 then Y = aX + b has distribution
function given by

Fr(y) = P(YSY)ZP(aX+b§y):P<X§yab>
= Fx(a~'(y - b))
By differentiation with respect to y
fr(y) = fx(a*(y —b))a~t fory €R

For instance if X ~ N(0,1), that is fx(x) = %ﬂe*%xz for x € R the
density of Y =aX + b is

1 10,-1 2 1 1
— -1 =3 (y=hb)) _ —
fY(y)_a \/ge 2 - 27_(_22 exp( 232(}/ b) ) yER



Theorem If X is a continuous random variable with density function fx
and g is a strictly increasing and differentiable function from R to R,
then Y = g(X) has density function

fr(y) = fx (g7 1(y)) dily[g_l(y)]

where gfl(y) is the inverse function of g
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Example Suppose that X ~ N(0,1). Find the density of Y = X

The function g(x) is &

The inverse of y = e¥ is g 1(y) = logy

The derivative of the inverse is d%gfl(y) =

The density of X is fx(x) = \/%7‘9_

Then

) = i (e7')) di"y[g*(y)] -
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Example Suppose that X ~ Unif(0,1). Find the density of
Y = —log(X)



There is not a formula for the density of Y = g(X) with general classes
of functions g...but specific cases can be easily handled

Example If X has density fx(x) and g(x) = x?, then Y = X2 has
distribution function

Fy(y) = P(Y<y)=P(X*<y)
. 0 y<0
B {P(—W<X<W) y>0
B 0 y <0
N {Fx(ﬁ)Fx(W) y>0

The density fy(y) =0 if y < 0 while for y >0

fY(Y) = %Fy()/)
- i[Fx(m ()] = A= ()=
2 Jy 2 JY
1 1

= f[fx(f) + & (=Vy)]



The chi square x? random variable
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Expectation of continuous random variables

Definition If X is a continuous random variable with density fx the
expectation of X is

E(X)= /00 x fx(x)dx

— 00

whenever the integral converges absolutely, in that [ |xfx(x)|dx < oo

Example If X ~ Uniform(0,1)

[ 1 xe(0,1)
fx(x) = { 0 otherwise

= ! 1 ,1 1
E(X):/ Xfx(X)dX:/o dex:§X2|O:§

—00
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Theorem If X is a continuous random variable with density function
fx(x) and g : R — R then

E(g(X)) = / g(x)fc(x)dx

whenever the integral converges absolutely no proof

e If X is a continuous random variable then the expectation of
Y=aX+bis

(oo}
E(Y) = / (ax + b)fx(x) dx = aE(X) + b
e The variance of X is given by

Var(X) = E((X ~ EQOP) = | (x= ) flx)ax

— 00

e The variance of Y = aX + b is Var(Y) = a*Var(X)



Other important things to remember
e Also for continuous random variable Var(X) = E(X?2) — E(X)?
o If X ~ N(u,0%) E(X) = p and Var(X) = o2

e Some random variables do not have a mean value, see the Cauchy
distribution whose density is

1

-~ xeR
A+ <€

fx(X)



Random vectors and independence

Given a probability space (2, F, P) we can define a bivariate random
variable (X, Y) which is a mapping from Q — R?

Definition The joint distribution function of (X, Y) is the mapping
Fxy(x,y): R? — [0, 1] given by

Fxy(x,y) = P(X <x,Y <)
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Exercise Suppose that (X, Y)is a bivariate random variable with joint
distribution function

[ l-eX—eV+e ) x>0y>0
Fxy(x,y) = { 0 otherwise
7 1oL RD, TR
)
O o <
For x>0
Fx(x) = I|m Fxy(x,y)=lim 1l—e*—eV +e eV =1—e""%
y—0o0
For x <0

Fx(X) = yimw ny(X,y) = yimwo =0

Then X ~ Exponential(\)



Definition We call X and Y independent if for all x,y € R the event
{X < x} and {Y < y} are independent

This means that X and Y are independent if for x,y € R

Fxy(x,y) = P(X <x,Y <y)=P(X <x)P(Y < y) = Fx(x)Fy(y)

Two random variables are independent if the joint distribution function is
the product of the marginal distribution functions



We study families of random variables in very much the same way. Briefly, if X;, X», ...,
X, are random variables on (€2, ¥, P), their joint distribution function is the function Fx :
R™ — [0, 1] given by

Fx(x) =P(X1 <x1, X2 <x2,..., Xp < Xp) (6.9)
forx = (x1, x2, ..., x,) € R". The variables X1, X», ..., X, are called independent if
]P’(Xl <xt,...,Xp < x,,) =P(X; <x1)---P(X, < xp) forx € R",

or equivalently if
Fx(x) = Fx,(x1) - -+ Fx, (xp) forx e R". (6.10)



Exercise Consider (X, Y) with joint distribution function

[ l1-eX—e V4 et x>0y>0
Fxy(x,y) _{ 0 otherwise
71 il LR80T
— )
O |0 «
] 0O x<0 L _J 0O y <0
Fx(X)—{ l— e x>0 similarly Fy(y)—{ l—e? y>0
0 x<0,y>0
0 x>0,y<0
Fx(x)Fy(y) = 0 x<0,y<0
l-e)l—-e)=1-e*—eV+e ;M x>0y>0

X and Y are independent



Joint density function

Definition The pair X, Y of random variables is called jointly continuous
if its joint distribution function can be written as

x y
Fxy(x,y) = P(X <x,Y <) :/ / f(u,v)dudv

for x,y € R and some function f : R? — [0, 0c). If this holds, X, Y have
joint density function given by f(u, v) often denoted with fxy (u, v)
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Other examples

1,1 1
// xy dxdy = —
o Jo 4
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Consider a set

T:{x,y:aﬁXSbva(X)§y<5(X)}

b B(x)
// f(x,y)dxdy = / / f(x, y)dy | dx
(xy)ET 2 \Jel)

Consider a set

then

D={x,y:c<y<d, v(y) <x<dy)}

d 5(y)
// f(x,y) dxdy = / / f(x,y)dx | dy
(x,y)eD c (y)

If T = D we can use both the streets

then



Properties of the joint density function

Suppose that the random variables X and Y are jointly continuous. Then

X Yy
ny(X,y): P(XSX,YS)/):/ / fxy(u, V) du dv
U=—00 J y=—00

Note that
e fxy is given by the second order mixed partial derivatives of Fxy

2
)= %ny(x,y) if exists
0

otherwise

fxy(x,y

e fxy is non negative fxy(x,y) >0 for x y € R

e The double integral of fxy over R2is 1

/ / fxy(u,v)dudv =1



e Similarly to the univariate case

Px < X <x+40x,y <Y <y+dy) = fxy(x,y)oxdy

] onr)

e More generally, if A is a regular subset of R? and X and Y are
jointly contintinuous random variables

P((X,Y) € A)) = / /( Py



Bivariate Uniform random variable

Comntday tere, byo e —?WMC‘L-DM
i ocxca and ocycl

/F(x ~) - &l]:
' ] - o) U%‘udw\' N
W Joi,n\ As Aix!fj 'F‘J-"E/{;D/L.‘

T/LP&CL »f(q»r) 20 VK\/}' G of

[0 [ eisess s (10 5] 4
o




TA’\ %-QA-Q-LFOL! b Jbﬂxa ‘HA.:ML (){f“f/ A UALl‘roJm DA, +lug S.L"L &g
i

| i—f <y B

‘F (’1’_‘(] . 4&\,{1:& r&)

o HL\/ wing

I{ 8= [oea{x[ou] l| we hawt o of.t,«.srxﬁ frmedio m

Negan  ia o pre ViouA )L_,Qa-.oke

Mots et |'{ {)‘r,*!/ (A U‘M'JFQJAM o~ R
PCOAeA Ve f[ fotl de dy Jf o s dedy -

” 4 dedy - e (AN8)
- an‘_zo.wP& AR &¢45\C|3)"




Sutresre ok Roin Al sed auuen by X,y fevTes
)(?'FY?:i

A . ‘LL& S‘QL &f“{} : XBG,\(‘>Q )("'4 YB\:‘"{

bvre, (An .@)
= [ —

|
Z Q\MQH.FQ

__X_»f {ﬂ‘(,\(] ) UAL',FchA o B T (‘(){:“f/é/'l ):

Gvae. (AN ~

Gl & (e)



Exercise 6.26 Suppose that (X, Y') have joint density function

_J e x>0y>0
flx.y) = { 0 otherwise

Find P(X + Y <1) and P(X >Y)
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Marginal density functions and independence

if X,Y is a jointly continuous random variable

f(x) = / fer(xy)dy  fuly) = / ey (x, ) dx
In fact

fx(x) = iFX )_diP(X<X) —P(X<x Y < 0)

= / / fxy(u, v)dudv
= dx OO(/OOfXY(U V)d>dU

= / fxy (x,v) dv

— o0
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e Example 6.32 On the whiteboard

e Written exam June 2021. Exercise 3, points a,b and c. On the
whiteboard

e Written exam June 2021. Exercise 4, points a, marginal of X.
On the whiteboard
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