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Sums of continuous random variables

Changes of variables

Conditional density function



Example 6.33 Suppose that X and Y have joint density function

F(x,y) ce™™ 0<x<y
X7 = .
Y 0 otherwise

Find the value of ¢ and ascertain whether X and Y are independent

To do on the whiteboard



e Exercise 6.35 Let X and Y have joint density function

F(x,y) cx If0<y<x<l
X7 = .
Y 0  otherwise

1. Find the value of the constant c.
1 X 1 c
1 = / (/ cxdy)dx:c/ xXXdx=- =c=3
0 0 0 3
2. Find the marginal density of X and Y

fx(x) = / 3xdy =3x> x€(0,1)
0

1
f0) = [ =20y ye @)

3. Are X and Y independent?
No
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Sums of continuous random variables

Suppose that X, Y have joint density function fxy(x,y). Consider
Z=X+Y.

P(Z<z) = PX+Y<z)=P(X+YeA
// fxy(Xdedy
where
A = {(xy)eR* :x+y<z}

= {(x,y) eR?*: —co<x<00,—0<y<z—x}




Pz<z) - | iw /y ___w o(xy)dxdy = [ Z ( | ; (%) dy) dx
- /O:O (/OO fxy (x, t x)dt> dx
- /; (/O:O fxy (x, t — x) dx) dt

d d e
fz(z) = EFz(Z) = EP(Z <z)= / fxy (x,z — x)dx

Then

Note also that if X andd Y are independent fxy(x,y) = fx(x)fy(y) and

oo

fz(z) = / fx(x)fy(z — x) dx  convolution formula

— 00



Example 6.40 Let X and Y be independent variables with density

A° At
Ml x>0 e Vytl Yy >0

fx(x) =< T(s) fr(y) =4 (t)
0 otherwise 0 otherwise

where ~
M) = / e “u*tdu
0
When z < 0 the density of Z= X+ Y is 0. When z >0

fz(Z)

/OO fx(x)fy(z — x) dx = /OZ fx(x)fy(z — x) dx

— 00

s+t z
_ )‘7 / Xsflef)\x(z _ X)tflefz\(zfx) dx
F(s)r(t) Jo
_ e /Z xXHz—=x)"tdx sety=x/z
F(s)r(t) Jo

e~ Az)\stt 1 o1 1
= W/o (v2)) " (z—yz)" " zdy



That is

)\s+t

w0 = i [ e e

o e—)\zzs+t—1

This means that fz(z) is proportional to a Gamma density with
parameter s 4+t and A which is

/\s+t

ef)\z s+t—1
Ms+t)

z

Hence we conclude that Z is Gamma(s+t,\)



Exercise 6.45 If X and Y have joint density function

Lix+y)e™ ifx,y >0
f(x,y) = 2( ) .
0 otherwise

find the density of X + Y
o0
FZ(H:( AF)((/ (X,Z»x)d)( -

¥

Yoo
:f {)x\/(,(,zl«;xj dxX  siae. X>o
LK

tffw(“/‘z‘“”(* A oy
é( ~ X-24X
- . _ M N 3- -~
j; 2 (x+2 K}ﬁ_ . —212 l/gg =S
¢ -2 2 a7 Z ~ Gasune, (3/()



Example Let X and Y be independent Uniform(0,1) random variables
Find the density of Z =X +Y
The density of X and Y are

1 0<x<l1 _J 1 0<yxl1
fx(x) = { 0 otherwise fr(y) = { 0 otherwise

In calculating
fz(z) = / fx(x)fy(z — x)dx
— 00

note that from the density of X x is such that 0 < x < 1 and from the
density of Y we have that 0 <z — x < 1.

20(0,1) 20(12)




Then

fozdx:z 0<z<l1
fz(z) = 1
[, jdx=2-2z 1<z<?2



Exercise Let X and Y be independent random variables where
X ~ Exponential()\) and Y ~ Exponential(y). Consider Z=X+Y

1. Show that
A -
— (e —e") z>0
fz(z) =q A— H( )
0 otherwise
2. Find the density of Z when = A

3. Find the expected value of Z



Changes of variables

Consider a jointly continuous random variable X, Y with density
fxy (x,y)

Take two transformation of X and Y
U=ulX,Y) V=v(X,Y)

For example U=X+4+Yand V=X -Y

That is, suppose to apply to each realization x,y of X Y the
transformation T : R? — R2 where T(x,y) = (u(x,y), v(x,y))

Assume that the transformation T is a bijection between D C R2
and S C R?



A bijection T from D to S is a mapping such that
i) Vs € S3we D: T(w)=s (surjective)
ii) if T(wy) = T(ws) then wy = w, (injective)

fn injective non_surjective function  An inje.
ot & bijection) Biaction

(surection. not a bijaction) function (also not a bijection)

A bijection T : D — S can be inverted, that is we have also a mapping
1.5 — D where T~(u,v) = (x,y) is exactly the point such that

T(va) - (Uv V)
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By the theory of multiple integrals if T(x,y) = (u(x,y), v(x,y)) is
bijective and J(u, v) is the Jacobian of T~1(u,v) = (x(u,v), y(u,v)) we
have

//A g(x,y)dxdy = //T(A) g(x(u, v), y(u, v))|J(u, v)| du dv



Example For each point x, y consider the polar transformation 6, r where

X = r cosf

y =rsinf

The Jacobian is

_ Ox0y 0Oyox 2 L2
_Eﬁfaﬁ_rcos 0+ rsin“0=r

0o 27
// =208 gy gy = / / —re_f’drdH—l



Theorem: Jacobian formula Let X and Y be jointly continuous with
joint density fxy(x,y), and let D = {(x,y) : fxy(x,y) > 0}. If the
mapping T given by

T(xy) = (u(x,y), v(x,y))

is a bijection from D to the set S C R?, then the the pair
U=u(X,Y),V=v(X,Y)

is jointly continuous with density function

fxy (x(u, v), y(u, v))[J(u, V)| if (u,v) €S
0 otherwise

fU\/(u, V) = {



Example 6.53 To do on the whiteboard
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Exercise 6.55 To do on the whiteboard
Let X, Y be a jointly continuous random variabe with density

1,—3(x+y)

e 2 x>0y >0
fy y)=<14

xv(x.y) {0 otherwise

1. Find the joint density of U, V where
1
U= E(X -Y) v=Y

2. Find the marginal density of U



e Consider T(x,y) = (u(x,y), v(x,y)) where u(x,y) = 3(x — y) and
vixy)=y.

e The inverse transformation is T~ !(u,v) = (x(u, v), y(u, v)) where
x(u,v) =2u+vand y(u,v) =v

e D={(x,y): x>0,y >0}. By applying T to the set D we have

S=T(D)={(u,v): —0<u<oo,v>0,2u+v>0}




e J(u,v)=2
e The density of U,V is

e 2@utvivio (e s

1
fU\/ ( u, V) = Z
0 otherwise

that is

1
Ze (V) _o<u<oo,v>0,v>—2u
)CU\/(U7 V) = 2

0 otherwise



Let’s find the marginal of U

Ifu>0 % 1
folw) = |
0 2
Ifu<O0
—2u
Then 1
fu(u) = Ee_wl
Tio )’lq o 1oy :



Conditional density function

With continuous variable we cannot calculate
P(Y < yIX =x)
by the formula
P(A|B) = P(ANB)/P(B)
since P(B) =0

However we have that

Y ey (x.
t“”}JP(YSHXSXSX—Ft):/ forlev) o,
in

— 0 fx(X)
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The function G(y) = [”__ fxa((i)") dv is a distribution function and

fxy(x,y)/fx(x) is a density

Definition The conditional density of Y given X = x is denoted by
fyix(y[x) and defined by

fXY(X7 )/)

eR
()

fyix(ylx) =
o If fx(x) >0, fxy(x,y) = fx(x)fyx(y|x)
o if ir(y) >0, Fv(x,y) = fr(y)fy(xly)

e If X and Y are independent, that is fxy(x,y) = fx(x)fy(y)

o) = S0 ) gty = B — et
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e Example 6.59
e Exercise 6.60

e Exercise 6.61
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